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Abstract 
This paper presents a novel RMS delay-spread estimation 
technique for wireless OFDM systems in exponentially de- 
caying multipath power-delay channels. The technique uti- 
lizes a correlation function evaluated over the cyclic-prefix 
of the OFDM signal. The RMS delay-spread is estimated 
by means of a minimum mean-squared-error (MMSE) fit- 
ting between the observed correlation function and its the- 
oretical expectation. Estimation of the symbol timing and 
frequency offset parameters is also inherent in the tech- 
nique. Simulation results demonstrate the accuracy of the 
technique for the cases of (i) with perfect synchronization, 
and (ii) with synchronization error. In particular, it is 
shown that an RMS estimation error as low as 1-2 samples 
can he achieved for RMS delay-spread, for high channel 
SNR values (>15 dB). Pilot-symbol-assisted OFDM chan- 
nel estimation techniques, which requires the RMS delay- 
spread of the wireless channel for optimal frequency domain 
channel response interpolation, can be benefited by the p r e  
posed technique. 
1 Introduction 
Orthogonal frequency division multiplexing (OFDM) has 
become a prime candidate for future high-data-rate wire- 
less communication systems due to its features such as 
multipath immunity, bandwidth efficiency and resistance 
to narrowband interference [l]. In a wireless channel, the 
multipath environment causes frequency selective fading. 
This frequency selectivity of the channel is often character- 
ized by the frequency-domain correlation function Rf[l] of 
the channel. The Rf[l] shows the correlation between the 
channel response of two subcarriers, which are 1-subcarriers 
apart in the OFDM spectrum. For a wireless channel with 
an exponentially decaying multipath power-delay profile, 
R,[l] is given by 111 
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The i,,, is the RMS delay-spread r,,, relative to the sam- 
pling interval T, of the OFDM system. The total num- 
ber of subcarriers in the OFDM system is denoted by N .  
In pilot-symbol-assisted (PSA) OFDM channel estimation 
techniques (21-[3] the correlation function Rr[l] is utilized at 
the receiver to interpolate the channel response at unknown 
subcarrier locations using the channel estimates at pilot 
subcarrier locations. This is known as minimum mean- 
squared-error (MMSE) channel estimation or Wiener fil- 
tering [3]. However, the accurate frequency-domain inter- 
polation of the channel response requires the knowledge of 
the RMS delay-spread (irms) of the wireless channel, which 
is normally *priori unknown. Therefore, it is customary 
to set the RMS delay spread value in the channel inter- 
polator to a likely value (fixed) thus resulting in a subop 
timal channel interpolation and equalization process. By 
way of example, Figure 1 illustrates the sensitivity of the 
frequency-domain channel correlation function Rf[l] to the 
RMS delay-spread i,,,. In a wireless communication sys- 
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Figure 1: Plot of the frequency-domain channel correlation 
function Rr[l], for RMS delay-spread values of Frm8 = 10, 15, 
20, and 25 samples ( N  = 512). Accurate knowledge of Frm8 
is required at the receiver to emure that the proper (optimal) 
correlation profile is used for channel interpolation. 
tem, detection of channel RMS delay-spread can be effec- 
tively used to operate the channel interpolation and equal- 
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ization p r o c a  at near optimum [4]. This paper presents a 
novel approach of estimating the channel RMS delay-spread 
using the cyclic-prefix of the OFDM symbols. 
i , ~ CP-' 
2 Proposed Technique 
The discrete complex-baseband OFDM signal r(n) at the 
receiver for a single path channel can be given as [5] 
r(n) = s(n)&2""€" + g(n )  (2) 
where s(n) is the transmitted OFDM signal and g(n) is ad- 
ditive white Gaussian noise (AWGN). The s and N denote 
the frequency offset error (normalized using the intercarrier 
spacing of Af) and the total number of subcarriem, respec- 
tively. For a multipath channel s(n) should be replaced by 
the multipath signal p ( n )  = I a i s (n  - r;), giving 
, .  
j i  
We define the multipleargument correlation function 
G2(n) as 
where, 1 5 M 5 N,, Ng is the length of the cyclic-prefix 
of OFDM symbols, and Nl = N + N ,  is the total length 
of an OFDM symbol. In (4), summation over index m 
indicates addition of conjugate products of samples N po- 
sitions apart for consecutive samples. This is similar to  
the correlation function reported in [SI for the purpose of 
time and frequency synchronization, where the summation 
is performed over the length of cyclic-prefix (N,) .  How- 
ever in (4), this summation is performed for variable length 
of 1 5 A4 5 Ng. Summation over the index k indicates 
the addition of conjugate products of samples N positions 
apart for consecutive OFDM symbols (Nt = N + N, sam- 
ples). This is similar to the ensemble correlation function 
reported in [4] for OFDM timing recovery. Therefore, we 
have integrated both adjacent sample and adjacent sym- 
bol averaging concepts in the correlation function G$(n). 
Also, G$(n) can be written as 
( 5 )  
where, 
K-1 
HK(l) = - r(1 + kNt)r*(1 + kNt - N )  (6) 
k=O 
K 
where, Jk(1) = r(l + k N t ) ~ * ( l +  kN, - N )  is the conjugate 
product of a sample pair N positions apart. Statistical 
properties of the term J&) is independent of k as it reflects 
OFDM symbol periodicity. Therefore, we consider a symbol 
independent term J(1) defined as 
(8) J(1) = T ( 1 ) T * ( l  - N )  
In the next section we analyze the characteristics of the cor- 
relation function G$(n) using a simple two-path channel. 
Generalization of the technique for a multipath channel is 
given in Section 2.2. 
ded r 
Figure 2: Received twwpath OFDM signal. 
and n = N + Ng as the time index values corresponding to 
the first and last samples of an OFDM symbol, respectively. 
Note that cyclic-prefm (CP) comes before the data portion 
of the OFDM symbol. Therefore, {njl _< n _< Np} is the CP 
and{nlN,+l <nSN+N,}isthedatapartoftheOFDM 
symbol. In the context of a two-path channel with the 
second path having a relative delay of r samples, we identify 
4 distinct regions within an OFDM symbol. They are; 7& = 
{nlN+r+l< n 5 N + N , } ,  RI = {n/N+15 n 5 N + r } ,  
'R, = {nlr + 1 5 n 5 N } ,  and RI = {nll 5 n 5 7). The 
expected value E{J(1)} can be evaluated for 1 E R;, where 
0 5 i 2 3, using the following statistical properties of the 
OFDM signal and AWGN noise. 
where, U: and U: are the variances of OFDM signal and 
noise samples, respectively. The property (9) is true since 
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the OFDM signal is wideband 151. Using above properties 
it can be shown that 
where, p = E{laI2} is the power of the second path. As 
can be seen from (7) for sufficiently large K ,  H K ( l )  can be 
approximated by E{J( l )} .  
HK(L) Y E{J(1)}  (13) 
As give in ( 5 ) ,  G S ( n )  is the sum of H K ( l )  for II;I consecu- 
tive samples, n - M + 1 to n. The magnitude of GS(n)  for 
M = Ng (i.e. lGE*(n)l) can be effectively used to  deter- 
mine symbol timing information,. According to (12) and 
(13), IGE9(n)/ maximizes at the last sample of each OFDM 
symbol (i.e. at n = N + N g ) .  This is true as the delayed 
path normally has a smaller power (p  < 1). Therefore, the 
symbol timing estimation can be given as 
?= argmaxIG$g(n)I (14) 
where, n = T is the last sample (with firs: arrival path as 
the reference) of an OFDM symbol and T is the estimate 
of it. Error of symbol timing estimation of (14) approaches 
zero as K + ca. Any finite value of K causes a certain 
degree of estimation error due to  the approximation in (13). 
The phase of GEg(n) can be used to  estimate frequency- 
offset (€). 
(15) 
1 2 = -IGK 2n N q ( n )  
It should be noted that the symbol timing and frequency 
offset estimators given in (14) and (15) are similar to  that 
reported in [5] for non-fading (i.e. AWGN only) channel. 
Our analysis shows that these estimators are asymptotically 
optimal for a frequency-selective channel as K i m. 
The relative delay ( T )  and power (p )  of the second path 
determines the characteristics of the correlation function 
IGZ(T)I, where 1 5 M 5 No. Figure 3 shows the plot of 
lG$(T)I as K i M. As can be seen from Figure 3, the plot 
of lGE(T)l against M shows a change of gradzent (knee- 
point) at M = No - T. Also, the plot of /G$(T)I shows 
twolinesegments, N g - T  5 M 5 Ng and 15 M 5 Ng-.r,  
with gradients 70 = U: and 71 = (1 + p)u:, respectively. 
The change of gradient at M = Ng - T is proportional to 
the power of the second path (p ) .  
2.2 Multipath Channel 
In this section, we extend the characteristics derived for 
the correlation function IG$(T)I to the case of a multipath 
channel. Consider a multipath channel with the response 
h(n) = C2;’ a,6(n-i) consisting of N y  paths (first arrival 
Figure 3: Plot of IC!&(T)I against A4 as K + m, for the twc+ 
path channel scenario. yo and yl are the gradient of IG!&(T)I 
for the segments Ng - T 5 M 5 Ns and 1 5 M 5 Ng - T ,  
respectively. 
t 
0 1 2 3 4  Ng - 1 
Figure 4 Impulse response of a multipath channel consisting 
of Ns paths (first arrival path and Ng - 1 delay paths). 
path and No - 1 delay paths) as shown in Figure 4. For the 
multipath channel it can be shown that the plot of lG,$(T)/, 
for 1 I M 5 Nu, consists of Ns number of line segments 
as K - M. The ranges Mi’s and the gradients ^(i’s of the 
line segments are given by 
M ,  = { N y  - i - 1 5 M 5 No - i} , 0 5 i 5 Ng - 1 (16) 
and 
= c p j u : ,  0 2  2 5 Ng - 1, (17) 
j = O  
respectively. where, p, = E{lai12}, for 0 5 i 5 Ng - 
I, is the multipath power spread of the channel. In our 
previous work [6], it was shown that the correlation function 
IG$(T)( can be utilized to estimate the magnitudes and 
delays of the multipaths, when the channel consists of only 
few strong multipath components. 
2.3 RMS Delay-Spread Estimation 
Consider a wireless channel with an exponentially decaying 
multipath power delay profile. Such a channel is character- 
ized by 
pi = exp(-i/irm.), for 0 5 i < Ng - 1 (18) 
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where, irms is the RMS delay-spread normalized hy the 
OFDM sampling interval Ts. Therefore, -/i in (17) can be 
expressed as 
Let IG&(T)I = IimK-, IGS(T)I, for 1 5 M 5 N g .  Then 
using (16) and (17), IGL(T)I can be expressed as 
"b-1 
IG~(T )J  = -/i, for 1 s  M 5 N~ (21) 
i = N q - M  
In Appendix, it is shown that 
where, 1 5 M 5 Nu. Figure 5 shows the typical form of 
lGL,(T)l, for different irms values. The proposed technique 
estimates i,, (or p = e-'/'r'"-) by searching for the value 
of i,,, that minimizes the mean-squared-error (MMSE) he- 
tween {IGM(T)I,l 5 A4 5 N g }  and its obsemed values 
{lGS(P)i, 1 5 M 5 N g } ,  for some large K .  This MMSE 
criterion can he given as 
(23) 
where, 
For an OFDM system, pmax can he set to pmax = 
as i,,, is expected to be well below the cyclic-prefix length 
N9. 
3 Simulations 
Computer simulations were performed to  determined the 
accuracy of the proposed RMS delay-spread estimation 
technique for OFDM systems. In this section, details of 
the simulated system and the numerical results obtained 
are presented. 
3.1 System Parameters 
Total number of OFDM subcarriers N = 512. 
The Cyclic-prefix length is Ng = 64 samples 
Each OFDM subcarrier is modulated using random 
data from a l S Q A M  constellation. 
The wireless channel has Ng paths, with path delays 
0,1,. .. , Ng - 1 samples. The amplitude ai of each 
path varies independently of the others, according to a 
Flayleigh distribution with an exponential power-delay 
profile, i.e. 
E{lailz} = exp(-i/ir,,), for i = 0,1,. . . , - 1 
where, irms was set to 10.5 samples. Phase shift on 
each path is uniformly distributed over [O,  Zr). 
The normalized frequency offset was set to E = 0.3. 
An average channel signal-twnoise ratio (SNR) range 
of @25 dB at steps of 5 dB was selected. where, SNR = 
~ { l P ( ~ ) I z } / ~ { l g ( ~ ) 1 2 } .  
3.2 Numerical Results 
Simulations were performed for K = 64 and 128 symbols, 
each over a total of 4096 OFDM symbols, for each SNR 
value. The RMS delay-spread (irma) was estimated using 
(23) for the two cases of (i) perfect synchronization, and (ii) 
with synchronization error. For the perfect synchronization 
case the OFDM receiver was assumed to know the perfect 
OFDM symbol timing and the frequency offset was set to 
E = 0. For thp case with synchronization error OFDM sym- 
bol timing (T)and frequency offset (E^)  was estimated at the 
receiver using (14) and (15). The Figure 6 shows the plot 
of RMS error of the RMS delay-spread (irmS) against the 
average channel SNR, for K = 64 and K = 128, for the two 
cases of (i) perfect synchronization and (ii) with synchrw 
nization error. As can be seen from Figure 6, for K = 64 
(i.e. averaging over 64 symbols), high channel SNR values 
(SNR>15 dB) result in an RMS error of ir,, of approx- 
imately 2 samples. Perfect synchronization can improve 
the RMS error of irms to approximately 1.3 samples. For 
K = 128 (i.e. averaging over 128 symbols), the RMS error 
of F,, is approximately 1.4 samples for high channel SNR 
values. Perfect synchronization can reduce this RMS error 
of irm to approximately 0.8 samples. 
4 Conclusions 
A novel cyclic-prefix based RMS delay-spread estimation 
technique for wireless OFDM systems was presented. The 
motivation behind this work is the need for FlMS delay- 
spread estimate at  the receiver for accurate channel in- 
terpolation by PSA-OFDM systems. The proposed tech- 
nique is based on a correlation function evaluated over the 
cyclic-prefix of the OFDM symbols. An exact expression 
for the correlation function was derived for the case of an 
exponentially decaying multipatb power-delay profile chan- 
nel. The estimation of the RMS delay-spread of the chan- 
nel was achieved using an MMSE fitting of the observed 
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Figure 5: The plot of the correlation function IC$(T)I, for RMS 
delay-spread values of Trms = 10, 15, 20, and 25 samples (Ng = 
64 samples). The power of the OFDM signal U: is normalized 
to unity. 
correlation function and its theoretically derived value. It 
is shown that the accuracy of the proposed technique in- 
creases as the number of adjacent OFDM symbols K ,  over 
which the averaging is performed, is increased. Numerical 
results show that for K = 64 - 128 symbols, an RMS esti- 
mation emor as low as 1-2 samples can be achieved far the 
RMS delay-spread. The technique is sensitive to the syn- 
chronization accuracy of the OFDM receiver as the symbol 
timing is required for the correlation function evaluation. 
Improved synchronization techniques for strong multipath 
channels can further improve the accuracy of the proposed 
RMS delay-spread estimation technique. 
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Appendix 
From (20) and (Zl ) ,  the ICL(T)l can be expressed as 
. :  . . . . . . . . . . . . . . . .  
. . . . . . . . . . . .  
. n- = . _.._ ~ ..*.. . 
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0.5 
0 
Average channel SNR (d0)  
Figure 6 The plot of RMS estimation error of the RMS delay- 
spread (irms) against the average channel SNR, for K = 64 and 
K = 128, for the two cases of (i) perfect synchronization and 
(ii) with synchronization error. 
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